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Abstract—The idea of finding low-rank solutions to matrix or
tensor optimization tasks by greedy rank-one methods has been
showing itself repeatedly in the literature. The simplest method,
and often a central building block in accelerated methods,
consists in performing updates along low-rank approximations
of the negative gradient. This is convenient as it does increase
the rank in a prescribed manner per step, and also because it
allows for a somewhat surprisingly simple convergence analysis.
The main point is that in a tensor product space of finite
dimension, the best rank-one approximation of a tensor has a
guaranteed minimal overlap with the tensor itself. Thus rank-one
approximations of anti-gradients provide descent directions. This
key concept can also be used in Hilbert space, if the rank growth
of the approximation sequence can be balanced with convergence
speed. This work presents a conceptual review of this approach,
and also provides some new insights.

I. I NTRODUCTION
We consider an optimization task in a tensor product space
Rn1 ×···×nd of the form
minimize J(X).

(1)

n1 ×···×nd

We assume that the function J : R
→ R is smooth,
convex, and admits at least one solution X∗ that can be
approximated more or less exactly by a tensor of rank at most
r, that is,
r
X
(1)
(d)
X∗ ≈
uj ◦ · · · ◦ uj ,
(2)
j=1

where ◦ denotes the outer vector product. The main examples
we have in mind are convex quadratic problems, for instance,
the best-approximation problem in Frobenius norm,
1
minimize kX∗ − Xk2F ,
2
a smooth version of the tensor completion problem,

(3)

1
minimize kPΩ (X∗ − X)k2F ,
(4)
2
where PΩ is the orthogonal projection onto the subspace of
tensors which are zero at indices not in Ω, and, more generally,
energy (semi-)norm minimization for high-dimensional linear
system,
1
minimize hX, A(X)iF − hX, BiF ,
(5)
2
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where A is a linear, symmetric, and positive semidefinite
operator on Rn1 ×···×nd , and B = A(X∗ ).
In this work, we do not focus on a specific problem,
but on the convergence of a certain class of greedy-type
methods to construct low-rank approximations to the solution
of such problems, which turned out to be useful in many
applications. The simple idea is the following: given some
approximate solution Xk one wishes to find an improvement
Xk+1 of increased rank. A possible strategy is to take a
low-rank approximation of some descent direction, perform
a line-search in this direction, and find Xk+1 in this way. A
popular choice in case of quadratic problems as the ones above
is to take rank-one approximations of residuals in suitable
norms [1], [2], [3], that is, the anti-gradient −∇J(Xk ). Using
the best rank-one approximation ratio as in [4], one obtains
an interpretation as a perturbed steepest descent method and
can deduce a rate of convergence. This main insight is also
the basis for obtaining convergence rates for related methods
which use additional acceleration, like in [5], [6], [7], [8], [9].
As a contribution, we present convergence results for
semidefinite quadratic problems, and also a new application of
this idea regarding the low-rank approximability of solutions
to Kronecker-structured matrix equations in Hilbert space [10].
Specifically, Theorem 5 below extends the convergence results
from [3] on proper generalized decomposition for elliptic
systems in Hilbert space by providing a rate of convergence
for tensor structured semidefinite problems. For simplicity, we
will focus on rank-one increments. W.l.o.g. we now silently
assume 1 ≤ n1 ≤ · · · ≤ nd .
II. R ANK - ONE APPROXIMATION RATIO
A main ingredient in the considered methods are rank-one
approximations to a given tensor X. Let R1 denote the set of
tensors of the form u(1) ◦· · ·◦u(d) (rank at most one). This set
is closed [11], therefore we can consider a function R1 (X)
that assigns to X a best rank-one approximation R1 , that is,
a best approximation to X by an element in R1 . It serves a
theoretical purpose, and is not available in practice for true
tensors (d ≥ 3) [12]. To obtain an approximation to R1 (X)
one may try to solve the nonlinear optimization task
1
minimize kX − u(1) ◦ · · · ◦ u(d) k2F .
(1)
(d)
2
u ,...,u

For instance, one can use iterative methods like alternating
least squares (see references in [13]), also known as the
higher-order power method (HOPM) [14], [15]. This method
will at least converge toward a single critical point, as was
shown only recently [16], [17]. A practical alternative is
to use the higher-order SVD (HOSVD) truncation of X to
multilinear rank (1, . . . , 1) as a surrogate for the best rankone approximation, or at least as an initial guess for the
HOPM [18], [15]. When the tensor X is very large, one will
need some additional structure (sparsity, low-rank, ...) to apply
these methods efficiently.
In principle, it will be sufficient to assign to a tensor X a
rank-one tensor Y ∈ R1 that satisfies an angle condition
hX, YiF ≥ αkXkF kYkF ,
with α > 0 independent of X. The role of the best rank-one
approximation Y = R1 (X) is that it always guarantees this.
To state this assertion more precisely, one introduces the best
rank-one approximation ratio [4]
hX, YiF
(6)
µn1 ,...,nd = min max
X6=0 Y∈R1 kXkF kYkF
hX, R1 (X)iF
= min
.
X6=0 kXkF kR1 (X)kF
Note that the second equality follows from the fact that
the set R1 is a double-cone. So by standard least-squares
considerations it is clear that for a given X, the problem of
finding an element of minimal distance in R1 , and a direction
of maximum overlap are equivalent. The following observation
has been stated in [4].
Lemma 1. Recalling n1 ≤ · · · ≤ nd , it holds
1
µn1 ,...,nd ≥ √
.
n1 · · · nd−1
(j)

(j)

Proof. Let e1 , . . . , enj be an orthonormal basis of Rnj . Then
one can expand an arbitrary X as
nd
n1
X
X
(d)
(1)
X=
···
ci1 ...id ei1 ◦ · · · ◦ eid
=

i1 =1
n1
X
i1 =1

id =1
nd−1

X

···

(1)
e i1

id−1 =1

◦ ··· ◦

(d−1)
eid−1

◦

nd
X

!
(d)

ci1 ...id eid

.

id =1

The second representation is an orthogonal expansion (w.r.t.
Frobenius inner product) into n1 · · · nd−1 terms from R1 .
Therefore, the term with largest norm must provide at least
the asserted overlap.
1
n1 ···nd−1

The bound
deteriorates with the dimension of the
tensor space, which will play a role later on. It is unknown
whether it is sharp [4].
√

III. C ONVERGENCE OF TRUNCATED GRADIENT DESCENT
A. General convergence statement
The method of rank-one truncated gradient descent for
solving (1) we consider here is
Xk+1 = X + αk R1 (−∇J(Xk )).

(7)

We assume that the step lengths are chosen such that the
Wolfe conditions are satisfied; cf. [19, Eq. (3.6)]. Then one
step of (7) provides descent while increasing the rank at most
by one. Hence the iteration can be regarded as a greedy rankone algorithm. By the standard results, see for example [19,
Theorem 3.2], ∇J(Xk ) → 0, which specifically implies
Xk → X∗ in case of strictly convex J. The key point here
is that step sizes satisfying the Wolfe conditions do really exist [19, Lemma 3.1], since, by Lemma 1, the search directions
R1 (−∇J(Xk )) retain sufficient overlap with −∇J(Xk ), the
√
cosine of the subspace angle being at least 1/ n1 · · · nd−1 .
Moreover, when J is strongly convex, an exact line-search,
that is, minimization of α 7→ J(Xk + αR1 (−∇J(Xk )) will
provide such a step size.
B. Rate of convergence for quadratic problems
A linear rate of convergence can be derived for strongly
convex functions with exact line-search [19]. To obtain this
result it is more or less sufficient to study the case of quadratic
J, that is, problem (5). However, in the quadratic case we can
even work with positive semidefinite A if we confine ourselves
to measure convergence in the energy (semi-)norm
p
kXkA = hX, A(X)iF .
The corresponding (pseudo-)inner product is hX, YiA =
hX, A(Y)iF . For the quadratic problem (5), ∇J(Xn ) =
A(X) − B is called the residual. Also note that
J(X) =

1
kX − X∗ k2A + J(X∗ )
2

(8)

for any X∗ from the possibly affine linear space of solution.
A contraction estimate for perturbed steepest descent is
derived from the following logic. Letting λ+
min denote the
minimal positive eigenvalue of A, one checks that
k∇J(Xk )k2F = kA1/2 (Xk − X∗ )k2A
1/2
≥ λ+
(Xk − X∗ )k2F
min kA
2
= λ+
min kXk − X∗ kA

(the inequality holds since A1/2 maps into the invariant
subspace of A). Therefore, a relation
h−∇J(Xk ), YiF ≥ cos θk k∇J(Xk )kF kYkF

(9)

will imply
cos θk
kXk − X∗ kA kYkA ,
|hXk − X∗ , YiA | ≥ √
κeff
where κeff = kAk/λ+
min is the effective condition of A on its
range (which notably equals one for the problems (3) and (4)).
Hence, writing the A-orthogonal projection of Xk − X∗ onto
the span of Y by Xk+1 − X∗ (which is unique if Y is not in
the null space of A), it holds

1/2
cos2 θk
kXk+1 − X∗ kA ≤ 1 −
kXk − X∗ kA . (10)
κeff

It remains to validate that Xk+1 is equivalently obtained by
steepest descent as
Xk+1 = Xk + αk Y

(11)

when αk is chosen by minimizing α 7→ J(Xk +αY). However
this follows easily when using the formula (8).
This is of course more or less classic theory, but has found
new applications in the context of the low-rank truncations of
residuals as considered here. In fact, for the iteration (7) we
obtain from Lemma 1 the following rate of convergence.
Theorem 2. For the quadratic, semidefinite problem (5), the
truncated gradient descent method (7) satisfies
!k/2
µ2n1 ,...,nd
kXk − X∗ kA ≤ 1 −
kX0 − X∗ kA
κeff

k/2
1
kX0 − X∗ kA .
≤ 1−
κeff · n1 · · · nd−1
This result has been previously obtained in [4] for the pure
greedy rank-one approximation algorithm, which consists in
applying (7) to (3), and in [7] for solving the semidefinite
completion problem (4) by rank-one matrix pursuit. In both
cases, it holds κeff = 1. One should stress, however, that for (4)
the convergence of the residual to zero, as follows from the
above theorem, does not imply that a matrix of lowest rank is
found [7]. Only the error on the observed entries will converge
to zero. To achieve low-rank recovery, additional optimization
on fixed rank manifolds is necessary, such as GECO [5],
Riemannian pursuit [8], [9], or the subspace improvement
methods in [7]. Typically, such improvements result in either
the same or even accelerated convergence, as can be analyzed
in a fairly general context [20]. This remark also applies to
the AMEn algorithm [6] for low-rank approximation in tensor
train format.
The contraction factor in (10) is not optimal. This is well
known for the unperturbed steepest descent (θk = 0 in (9)).
Kantorovich [21] proved that the
factor for the
 contraction


where PA is the orthogonal projection on the range of A,
and α̃k is chosen to minimize α 7→ J(PA (Xk + αY)). Since
J(X) = J(PA (X)), the result is of course the same, that is,
α̃k = αk . But then it is also true that X̃k+1 = PA (Xk+1 ).
Now note that (13) is a perturbed steepest descent step in the
invariant subspace of the operator A, on which it is positive
definite with condition κeff (the unique minimizer in this space
is PA (X∗ )). Therefore, the result (12) of Munthe-Kaas applies
correspondingly when using the angle θ̃k between −∇J(Xk )
and PA (Y). For this angle, it holds
h−∇J(Xk ), PA (Y)iF
k∇J(Xk )kF kPA (Y)kF
h−∇J(Xk ), YiF
≥
= cos θk ,
k∇J(Xk )kF kYkF

cos θ̃k =

since PA is an orthogonal projection and ∇J(Xk ) is in the
range of A. In summary, we arrive at
kXk+1 − X∗ kA = kPA (Xk+1 ) − PA (X∗ )kA
= kX̃k+1 − PA (X∗ )kA


κ̃k,eff − 1
kPA (Xk ) − PA (X∗ )kA
≤
κ̃k,eff + 1


2
kXk − X∗ kA . (14)
= 1−
κ̃k,eff + 1
The contraction factor in (14) looks considerably better than
the one in (10) as it features no square root. However, a
closer inspection reveals that this is only true for small θk .
For θk → π/2 the improvement quickly becomes negligible.
Figure 1 shows the ratios between the logarithms of both
factors for different κ as functions of θ ∈ [0, π/2). Since,
√
by Lemma 1, the provable bound cos θ ≥ 1/ n1 · · · nd−1
for rank-one truncations of the gradient is quite small already
for tensors of moderate size and dimension, we stick to the
simpler rate (10) in the following.
4

2

X̃k+1 = PA (Xk ) + α̃k PA (Y) = PA (Xk + α̃k Y),
1 We

found the reference to Munthe-Kaas’ result in [6].

(13)

κ = 1.01
κ=2
κ = 10
κ = 100

3.5

log(ρ1 ) / log(ρ2 )

−1
squared energy error is at most κκeff
, which is roughly
eff +1
the square of the rate in (10) (when θk = 0). It requires a more
sophisticated analysis based on the Kantorovich inequality.
Munthe-Kaas1 [22] was able to modify the result for the
perturbed steepest descent method in the case that A is positive
definite:


κ̃k − 1
kXk+1 − X∗ kA ≤
kXk − X∗ kA ,
(12)
κ̃k + 1


1+sin θk
where κ̃k = 1−sin
θk κ. Here we write κ instead of κeff
since A is assumed to be positive definite. However, by the
usual logic of restricting the analysis to the invariant subspace
of A, one can show that the same contraction factor in energy
semi-norm is achieved in the semidefinite case, too. To see
this, we compare the update (11) with

3
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Fig. 1. Ratio log(ρ1 )/ log(ρ2 ) of contraction factors ρ1 = 1 −
and ρ2 = 1 −



2 
κ+1

1+sin θ
1−sin θ

cos2 θ
κ

as function of θ ∈ [0, π/2) for some κ.
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IV. K RONECKER STRUCTURED LINEAR EQUATIONS IN
H ILBERT SPACE

10 5

In the case that ∇J(Xk ) has itself low rank, the estimation
of cos θk by µn1 ,...,nd can be too rough. Better results may be
obtained from a modification of Lemma 1.

10 4

Lemma 3. Let the tensor X have rank at most r. Then
1
kXkF kR1 (X)kF .
hX, R1 (X)iF ≥ √
rd−1
Proof. The assumption implies that X lies in a tensor product
subspace which is isomorphic to Rr×···×r . In this space, we
can apply Lemma 1 to obtain the result.

10 2

By construction, the iterates Xk of algorithm (7) have rank
at most k + rank(X0 ). Consequently, Lemma 3 will be useful
for problems, where a low rank of Xk implies a comparably
low rank of ∇J(Xk ). Our main point now is that this property
holds for quadratic problems (5) arising from linear equations
with Kronecker-structured operators
A=

R
X

(1)

(d)

Aj ⊗ · · · ⊗ Aj ,

(15)

j=1

and low-rank hand right hand side
B=

s
X

(1)

(d)

bj ◦ · · · ◦ bj .

(16)

j=1

Lemma 4. Assuming (15) and (16), if rank(Xk ) ≤ k, then
rank(A(Xk ) − B) ≤ Rk + s.
Proof. An operator A(1) ⊗ · · · ⊗ A(d) acts on rank-one tensors
u(1) ◦ · · · ◦ u(d) via (A(1) u(1) ) ◦ · · · ◦ (A(d) u(d) ). The claim is
now trivial by superposition.

n=150
n=100
n=50

10 3

10 1
10 0
10 -1
10 -2
10 -3
0

50

method of rank-one truncated gradient descent. The logic here
is that the decay of singular values of the solution is directly
related to its approximability by matrices Xk of growing rank
k, e.g., by the sequence produced with the algorithm (7).
Theorem 5. Assume that A and B are of the form (15)
and (16), respectively, and that A is positive semidefinite
(i)
(which is the case when all Aj are positive semidefinite).
Let (Xk ) denote the sequence generated by algorithm (7) for
the matrix equation (17) when starting with X0 = 0. Then for
all k it holds rank(Xk ) ≤ k and

kXk − X∗ kA ≤

When d = 2, the Kronecker-structured equation is a linear
matrix equation


R
R
X
X
(1)
(2)
(1)
(2)

Aj ⊗ Aj  (X) =
Aj X(Aj )T = B, (17)
j=1

j=1

which contains notable special cases like the Sylvester and
Lyapunov equations. For these equations it is known that for
low-rank right-hand side B, the solution X will have superalgebraically decaying singular values [23]. In the general case
of an operator (15) this is not so clear. Of course, when R = 1
(1)
(2)
and A1 ⊗ A1 is invertible, then the solution of (17) has the
same rank as B. But can we say anything about the case
R = 2, for instance? In Figure 2 we plotted the singular
(i)
values of a solution for R = 2 and s when all Aj and
b(i) have been randomly generated. It suggests an exponential
decay of the singular values of the solution, however, with
slower exponent for growing space dimension. In the infinite
dimensional Hilbert space setting, we expect a sub-exponential
or algebraic rate of decay. We now attempt to obtain such
an asymptotic statement in a constructive way by using the

150

Fig. 2. Singular values of solutions to randomly generated matrix equations (17) of Kronecker rank R = 2 in Rn×n , with s = rank(B) = 1.


A. Matrix case d = 2

100

1 + s/R
k + 1 + s/R

 2κ1 R
eff

kX∗ kA .

As mentioned, in finite-dimensional space, this sub-linear
convergence rate looks worse than the linear rate in Theorem 2.
What makes Theorem 5 non-trivial is that the dimensions n1
and n2 do not enter. In fact, the result and the following proof
are also true in tensor products of Hilbert spaces, and therefore
improve on [2], [3], where mere convergence without a rate
is proved (albeit for general A without Kronecker structure).

Proof of Theorem 5. As the iteration starts with X0 = 0,
it holds rank(Xk ) ≤ k by construction, and therefore
rank(∇J(Xk )) ≤ Rk + s by Lemma 4. Combining Lemma 3
with (10) we have that


1
kXk − X∗ kA ≤ 1 −
κeff (Rk + s)
k 
Y
≤ kX∗ kA ·
1−
`=1

1/2
kXk−1 − X∗ kA
1
κeff (R` + s)

1/2
.

The assertion now follows from the estimate
1/2


k 
k
Y
1X
1
1
ln
=
1−
ln 1 −
κeff (R` + s)
2
κeff (R` + s)
`=1

`=1

k
1X

−1
κeff (R` + s)
`=1


−1
k + 1 + s/R
≤
ln
,
2κeff R
1 + s/R
≤

2

where the second inequality
is obtained as usual from
R k+1
Pk
−1
(`
+
s/R)
≥
(x
+
s/R)−1 dx.
`=1
1
B. Tensor case d ≥ 3
It is interesting to note that, unfortunately, the same argument does not work for tensors of higher order. Lemma 3 will
provide the energy error reduction
k 
Y
`=1

1
1−
κeff (R` + s)d−1

1/2

after k steps. When d ≥ 3, this expression does not converge
to zero for k → ∞.
What we would need are improved estimates for the overlap
of rank k tensors with rank one tensors. The proof of Lemma 3
relying on an embedding into Rk×···×k appears a little bit
crude (although, as mentioned earlier, even then it is not known
whether the bound sharp [4]). An example illustrates this:
when X is a sum of k orthogonal rank-one tensors, then of
course the maximum
cosine of an angle with a rank-one tensor
√
is at least 1/ k like in the matrix case. In general, when the
rank-one terms form a linear independent set of sufficiently
good condition, we can give the same bound up to a factor.
What would be needed are properties which ensure this during
the iteration when building the rank-one truncated steepest
descent sequence (7), but we have to leave this as an open
problem.
We note that it is nevertheless possible to obtain an algebraic
decay rate for solutions of Kronecker-structured equations with
elliptic bounded operators in Hilbert space by balancing the
linear convergence rate of the untruncated steepest descent
with the exponential rank growth, see [10].
V. C ONCLUSION
We have reviewed how the convergence of rank truncated
steepest descent methods, which appeared in many versions for
different low-rank matrix and tensor optimization tasks during
the last years, is related to the best rank-one approximation ratio in the tensor space. We derived convergence statements for
semidefinite quadratic problems in energy seminorm. Finally,
we proved algebraic decay rates for solutions of Kroneckerstructured matrix equations which are independent of the space
dimension, by estimating the error in the rank-one trunctated
steepest descent algorithm based on the slow rank growth of
residuals.
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